A diffraction theory of the Foucault test is developed which covers the practically important case of a circular mirror with errors of figure of arbitrary form, tested with a knife-edge whose lateral adjustment is variable. The theory is first applied to discuss the changes in appearance of a true mirror as the knife-edge is advanced across the axis. Next, corre sponding formulae are obtained for the case of a mirror possessing a small amount of primary spherical aberration, tested near mean focus. Lastly, the theory is applied to obtain an estimate of the sensitiveness of the test, first as a means of determining focal position, and secondly as a means of detecting primary spherical aberration.
In §4 the general case is again considered and series expressions are obtained which give the intensities seen under test, on the mirror disk and in the halo, in terms of coefficients which describe the errors on the mirror. These expressions are used in § 5 to estimate the theoretical limits of sensitivity of the test, first as a means of determining focal position, and secondly as a means of detecting primary spherical aberration.
2 . G e n e r a l t h e o r y o f t h e F o u c a u l t t e s t 2*1. All the cases where an aberration-free pencil is being null-tested can be covered by supposing that the wave-fronts originate at the surface of a spherical mirror which is being knife-edge tested at its centre of curvature. The wave leaving the surface of the mirror at the point (x, y) is described by an electric wave-dis placement The more general case where the pencil under test is not fully stigmatic can be covered by supposing that spherical wave-fronts, originating from a pinhole near its approximate centre of curvature, are reflected from the surface of a nearly spherical mirror M. The results of the knife-edge test are then interpreted in terms of errors of figure of the mirror M. We suppose that these errors of figure amount to several reflexion fringes,* but that the error slopes on the mirror, besides being free from discontinuities, are not so steep as to spread out the visible image to more than a moderate multiple, say 5 or 10, of the size of the Airy disk. Then it makes no appreciable difference if one supposes that the wave is leaving a true spherical surface M0, lying everywhere within a few wave-lengths of the surface M, and that at the point (x, y, z) on M0 the complex displacement is
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E(x, y) = | E(x, y) | exp <f>{x, */)J.
( 2-12) | E(x, y) j is then the amplitude at the point (x, y) on M0 and <j)(x, y) the phase there; the variation in <}>{x,y) expresses the distortion of the wave-fronts.* The fact that a circular mirror of diameter 2 is illuminated with uniform intensity may be expressed by setting j ^ y ) j _ j + £ j = 0 1), (2-13) that is, by defining E(x, y) as zero over the part of M0 outside the circle C which corre-
Exp r
QtT 'I/ (}>{x,y) is the phase function l A sponds to the boundary of the mirror M.
which describes the errors of M. After leaving the mirror, the light comes to a more or less imperfect focus in the neighbourhood of 0, the centre of curvature of M0. See figure 1. By an application of Huyghen's principle^ the wave-displacement is calculated in the 'intermediate image surface', namely, the sphere S, centred at A, which passes through the focal point O. The knife-edge will later he in the tangent plane at 0 to this sphere. It is supposed throughout that the pencil under test is of small angular aperture, that is to say, the focal distance AO = s is supposed large compared with the diameter of M. Then the distance between a point Q -(pcx, yx) near 0 in the surface S and any point P = (x, y) on the part of M0 enclosed by C is approximately given by the equation^P Q -xxi + yvi (2-14)
The contribution to the wave-displacement at Q from the element dxdy of area situated at P on M0 is thus § a constant multiple of «(*, y) exp [ f ct] exp T l ± S l ' \ d x d y , * * * § * The approximation here consists in the assumption that the amplitude is unchanged in passing from the point (x , y) on M to the point (x, y) on M 0. f A discussion based on Maxwell's equations meets with formidable mathematical diffi culties; see Poincar6 (1892, 1897).
% The position of P is given by its y space co-ordinates; its z co-ordinate is a first-order small quantity, since s is large. The position of Q in the surface S is similarly defined by the space co-ordinates xl9 y x (see figure 1). The object of the device, due to Michelson (1905) , of the spherical intermediate image surface S is to secure that (2*14) shall remain correct, to within a small fraction of a wave-length, over an area of the intermediate image surface which is large compared with the Airy disk of M .
§ To replace dcr by dxdy is here equivalent to varying the amplitude by a factor which runs from 1 at the centre of the mirror to cos 1/s at its edge. For a mirror working a t//1 0 this corresponds to a variation in the intensity of illumination of less than J %. and dropping a constant factor, one obtains for the complex displacement at Q the expression
since E(x, y) is defined as zero for x2 + y2> 1. It is easy to verify that, in the case (2*11) of a true mirror, (2*16) reduces to the well-known expression JiU(u*+v*W4(u2+ vi)> the intensity in the surface S is then measured by the quantity This agrees with the usual formula for the Airy disk and rings in the plane through 0 perpendicular to the axis, which will be called the -plane. As is well known, it follows from (2*17) that when As is small* nearly all the light crosses $ in a small region surrounding the point 0.
2*2. To carry out the knife-edge test, the part of the (a^, 7^)-plane defined by #1 ^ 0 is covered by an opaque screen. Immediately behind 0, a viewing system L receives the light and images M0 on to the final image surface M'Q (see figure 2). L may be the observer's eye-lens and M'Q his retina, but for testing a mirror of long focal ratio a viewing telescope immediately behind the knife-edge is desirable; L then consists of this telescope together with the observer's eye-or camera-lens. In any case, the effect of L is to give equality of optical paths between all pairs of conjugate points P, P' on M0,
In particular, the optical path-lengths (P Q ... P') and (P O ... P ' ) are equal for every position of Q. It follows that the optical path difference (Q ... P') -( 0 ... P') = -P Q + PO = XXl + yy\ (2-s if it be supposed, as it may be for sufficiently large s, that the approximation (2-14) is usable throughout the part of the intermediate image surface S from which light is passed by L * A system of co-ordinate numbers y') in the surface is defined by assigning to the image P' of the point P = (x, y, z) in M0 the co-ordinate numbers x' = x, y' = y. Thus the intensity at P' is the same thing as the 'intensity seen under the te st' at P, and the path difference (2-21) can be written {x'xx + y'yx)Js. In saying this we make the usual assumption, which cannot be strictly true, that the effect of a screen is merely to stop those parts of the wave which impinge upon it, without influencing the neighbouring parts.f Then
* It can be shown that the errors of L do not affect the general run of the intensity dis tribution in the final image surface; they merely result in a loss of sharpness comparable (though not identical) with that which would be observed in the image of a self-luminous object lying in the surface of M . But as an adequate discussion of this point would lead too far afield, the problem is here idealized by supposing that the system L is error-free.
t The error involved in this assumption is small provided that the Airy disk is large com pared with the wave-length A, i.e. provided that the angular aperture of the pencil under test is small. the factor sec *J(u2 + v2)^ allows for the fact that the element of area in the surface / A s \ 2 S is not dxldy1 = I -j dudv but this quantity multiplied by the secant of the angle between the (xv 2/j)-plane and the tangent plane to S at the point (u, v). The c factor (Xs/2n)n is omitted in accordance with the present convention.
To replace the factor sec ^{u2 + v2)j by 1 is equivalent to introducing a small variation in the amplitude of the complex displacement W(u,v), which in the case of a 12 in. circular mirror M working a t//1 0 and a viewing telescope of 1 in. aperture amounts to less than one part in 100,000 at the edge of r . In this case the value of ^(u2 + v2) corresponding to the semicircular edge of r , is approximately 1300. aperture of the iris could be varied from 3 to 16 m m .; its plane was 2 cm. behind that of the knife-edge. An aperture of 3 mm. in the plane of the knife-edge would corre spond to the value R = 43, one of 16 mm. to the value R -230. The magnification of the viewing telescope was 6. The experiment was tried both with the true mirror and with small errors intro duced into the pencil under test by placing pieces of annealed plate glass in front of the mirror. These errors appeared under the knife-edge test as flutings on the apparent surface of the mirror. They increased the overall size of the visible image at best focus to about three times its value for the true mirror. Several different settings of the knife-edge were used in each trial.
When the effect of varying the aperture of the iris was examined, it was found that, over the whole range of variation, no change could be detected in the appearance of the interior of the disk or of the halo. The only visible changes, as the iris was closed down, were a softening in the outline of the brilliant outer rim of the disk, a decrease in its maximum intensity, and the appearance of a fine dark fringe, just inside the outer rim and separating it from the interior of the disk. At minimum aperture, traces of a second dark fringe could be detected inside the first. In the case of the true mirror, a change in the appearance of the rim could first be distinctly seen when the iris aperture was reduced to about 6 mm. (90 Airy disks); this corresponds to the value R = 95 and to an exit-pupil diameter of 1 mm. In the case of a pen with small errors, the aperture usually needed to be reduced a little below this value before the effect could be seen with certainty.
We conclude that, except in the immediate vicinity of the edge contour C', the intensity I(x',y') in the final image surface is given, with accuracy more tha sufficient for the purposes of visual knife-edge testing, by the equation
2-3. We suppose that E(x,y) is a differentiable function of x an (x, y) inside C. Outside C it is differentiable since its value is everywhere zero. On substituting from (2-16) into (2-25) and inverting the order of integration, It follows from (2*31) that the intensity seen under test at the point P on the mirror depends only on the values of E(x, y) along the horizontal line through P, and is correctly given by applying two-dimensional diffraction theory along this line. On making this application,
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TD(x',y') = 7TE(x',y') + i f ^-dt J -00 t -X for all (x', y') not on C', the integral being interpreted as a Cauchy principal value when (x', y') is inside C'. (2*32) can be derived very easily from (2*31) by appealing to a result of Gascoigne ( Now let C7->oo. By an argument familiar in the classical convergence theory of Fourier series, the second term tends to the limit nE(x',y') at all points {x',y') at which E(x, y) is a differentiable function of x, that is to say, at all points (x', y ') not on C .
In the first term of (2*33) This equation, together with (2-24), gives the intensity distribution seen under the knife-edge test on a mirror whose wave-form is described by the arbitrary function E(x,y), subject only to the restrictions:
E(x' + t,y')-E(x'
(1) the diameter of the mirror subtends only a small angle at the focal point, (2) the errors of figure of the mirror, though they may amount to many wave lengths, are small compared with the focal distance s, (3) the errors of slope on the mirror surface are small and, except at points on the boundary C, the function E(x, y) is a continuous function of {x, y), differentiable with respect to x and y.
It will be seen from the proof of (2-32) that its validity is not confined to the circular mirrors of uniform reflecting power which are discussed in the present paper. The equation is valid, in the same sense as above, for mirrors of arbitrary edge contour, including central piercings or irregularly shaped obstructions, and of variable reflecting power, whenever the maximum angular diameter of the pencil is small and the circumstances are such as to justify disregarding the effect of the finite aperture of the viewing system. Equation (2*32) reduces the problem of computing the knife-edge intensities to the carrying out of a pair of single integrations at each point (x\ y'). In the general case of an arbitrarily given wave-function E(x, y) it is practicable, though decidedly tedious, to carry out these integrations by numerical methods. There are some physically important special cases, however, in which the integrals can be evaluated in terms of known functions.
The simplest such case, that of a true mirror tested with the knife-edge centrally set, is obtained by setting as in (2*11). (2*32) then yields at once the formulae 
The Reduction Theorem
The following result has now been established: When a mirror of circular edge contour is tested with a vertical knife-edge, the intensity observed along each horizontal line of the mirror can be predicted to a sufficient approximation by applying two-dimensional diffraction theory along this line. In particular, Gascoigne's equation (2*8), with 0) in place of eiR(x\ gives with sufficient accuracy the values of the intensities along the horizontal diameter of a circular mirror whose wave-function is E(x, y).
From this Reduction Theorem, as it may be called, we see that the placing of a horizontal slit-mask over the mirror leaves the intensities sensibly unchanged in the exposed parts of the disk and of the halo, and that Gascoigne's (1945, § §4,5) computational results can be taken over as they stand into the three-dimensional theory, where they give the knife-edge intensities along the main diameter of a circular mirror suffering from turned edge, zonal error, and hollow centre, in a selected set of special cases.
The true mirror
To determine the appearance of a true circular mirror, tested with the knife-edge in the focal plane* but displaced laterally a distance c from the central setting, one must write in (2-32) E(x,y) = e« * (x * + y > il ) Some of the consequences of these formulae are of physical interest. When x'2 + y'2> 1, i.e. when the point (x',y') is outside the boundary curve O', (3-3) shows that the intensity in the halo is an even function of c', as well as of x' and y'. It is a familiar fact that, as the knife-edge is moved across the Airy disk, the halo brightens to a maximum and then fades out as the mirror disk darkens. The conclu sion may therefore be drawn that the halo is brightest when the knife-edge is central. Figure 5 shows the intensity at the point x' = 0 in the halo, for different values of c'; when c' = 3-83 the knife-edge just covers the Airy disk and the first Airy dark ring. a pinhole whose diameter is small compared with that of the Airy disk. Figure 6a shows the changes in intensity distribution which take place along the horizontal diameter as the knife-edge advances up to the central position, figure 6 6 those as the knife-edge advances beyond it. It will be seen that, far from darkening evenly all over, the mirror actually brightens in the centre when c' = i.e. when about one-tenth o f the horizontal diameter of the Airy disk is occulted. Figure 7 a shows the appearance of the disk at this setting. As the knife-edge is advanced, the central intensity maximum flattens out and at c' = -1 the disk appears fairly uniformly illuminated (see figure 76) . Its appearance when the knife-edge is advanced to the central position is shown in figure 7 c; the darkening of the central part is then easily perceptible to the eye. The changes described above were observed experimentally without any difficulty on using an F / 55spherical mirr 0*006 mm., and a viewing telescope of aperture 2*5 cm. and magnification 6, placed 2 cm. behind the plane of the knife-edge. It is perhaps relevant that when the eye judges the disk to be half lit, the knife-edge is not central but near to the setting of figure 7 6, while when the knife-edge is centrally set (by observing the halo intensity or with the help of a microscope) the disk appears considerably less than half lit and the darkening of its centre is easily recognized. In point of fact, as was shown above, the disk contains only one-third as much illumination at this setting as with the knife-edge withdrawn, the remaining one-sixth being sent into the halo. 4*1. To apply (2-32) to the discussion of arbitrary errors on a circular mirror, we suppose that the function E(x, y) can be represented on the mirror by a double power series in x and y, and write which therefore give the intensity seen on a mirror possessing a small amount of primary spherical aberration, tested with the knife-edge centrally set near mean focus.
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4*2. In deriving formulae which shall predict the effects of varying the knifeedge setting, we treat lateral displacements of the knife-edge in a different way from variations in its focal setting. The difference in treatment corresponds to the circumstance that an optician using the Foucault test does in practice use these two adjustments of the knife-edge in different ways. Having chosen a focal setting which shows up as prominently as possible the error on which he is working, he tests by moving the knife-edge laterally to and fro and noting the changes in the appearance of the shadows.
If the errors on the mirror are small, the different focal settings which can be usefully employed are all covered, in the manner explained in § 2-3, by multiplying E(x,y) by a factor eia* -x2+y2) in which a = ^2 is small. In the formula (4*13) ds <}>(x,y) is replaced by <p(x, y) + -2 (x2 + y2) and in (4-15) 8s/2s2 is added to a20 and a02.
The situation is different with regard to the factor eic'x which expresses the effect of a lateral shift of the knife-edge, since c' cannot be supposed small even in testing a true mirror, while values of c' up to 5 or 6 may be used in the observation of a fairly narrow zone only fringe in depth. We therefore take the equation The intensity distribution for a mirror possessing a small amount of primary spherical aberration, tested with the knife-edge near mean focus but not necessarily central, is now obtained on giving the six coefficients a00, a20, a02, a40, a22, a04 the values (4-16).
Theoretical sensitivity of the knife-edge test
The results of the last section can be used to estimate the theoretical sensitiveness of the Foucault test for errors of different types. Only the two simplest cases are considered here, namely, the determination of the focus of an aberration-free pencil and the detection of primary spherical aberration, and it is supposed that the knifeedge intersects the axis of the system. In practice, the lateral adjustment of the knife-edge would of course be varied.
In the first case, the effect of an error of excess in the determination of the focal distance is an apparent error r28s/\6F2 on the surface as in § 2, the errors may be supposed to be located. F denotes the aperture ratio of the pencil, or of this mirror, and d(r) = r2 2 me path distance from points on a wave-front just leaving this mirror to the axial point of the knife-edge. At the edge (r -1) of the pencil, the variation reaches its greatest value 8s/8F2. Thus the maximum variation will be if = f A d(r) = ^A For a n //5 pencil this corresponds to a focusing error = 0*0002 in. For such small path differences d(r), the approximation exP p p <*(»*)J = 1+ x = 1 + (5-1)
can be used without introducing more than a few per cent of variation in the amplitude of the wave leaving the mirror. The expression for the intensity Ix is then obtained by taking a = 0, /? = yqT t in (4*19). On the disk its value is h = (5*2) Figure 8 shows the isophotal lines in this case, and figure 9 the intensity distribution along the horizontal diameter as calulated from (5*2) and also as calculated from the more exact formulae (4*12), (4*13) and (2*24).* In the second case, namely, primary spherical aberration, the retardation function at mean focus has the form d(r) -Ar2(\ -r2). To obtain a maximum variation of optical path distance of ^A , we take |A and obtain, to a sufficient approximation, e x p |^p d (r )J = l + ^d ( r ) = (5*3) The intensity i 2 is then obtained from (4*19) by taking a = §tt, /? = 0, and its value on the disk is = Jo j g x VU ~V 2 -3a Figure 10 shows the isophotal lines in this case and figure 11 the intensity distribution along the horizontal diameter as calculated from (5*4) and from the more exact formulae (4*12), (4*13) and (2*24).f To draw numerical conclusions about the limit of sensitivity of the knife-edge test in these two cases, some assumptions must be made about the least departure from symmetry in the intensity distribution which can be detected by visual in spection. I f it be assumed that a 40 % difference in intensity between two fairly large, symmetrically disposed areas of the disk is easily detectable, then one can say that an error of focus which results in optical path differences of 2V fringe is easily detectable by the knife-edge test, and that the same is true of fringe of primary spherical aberration tested at mean focus. If it be assumed that the observer can * The error of approximation in (4-13) was reduced by using for the more exact calculation the retardation function d(r) =^oA(r2 -£). detect with certainty a 20 % difference of intensity, the corresponding conclusion is that he can detect with certainty ^ fringe of error of either of these two types. The calculation is simplified by observing that, for small errors, is linear in the coefficients a, /?; consequently its values for amounts up to ^ fringe of spherical aberration or of focus error, or of a mixture of the two, can be deduced by linear interpolation from the cases already discussed (figures 7 c, 8 and 10).
As a rule, a sufficiently good idea of the knife-edge shadows can be got from the intensity distribution along the horizontal diameter. In table 1 the intensity changes along this diameter caused by amounts of focus error and of primary spherical aberration are given, together with the intensity values for a true mirror. The table enables the intensity distribution to be calculated for small amounts of primary spherical aberration, tested at different axial settings of the knife-edge near best focus. Figures 12 and 13 show the intensities calculated in this way for mirrors with fringe and fringe of primary spherical aberration, tested with the knife-edge on axis at equidistant focal settings ranging from paraxial focus (curve A ) through mean focus (curve E). Curves A and B of figure 12, in which extrapolation is pushed farthest, are rather rough approximations to the true values of the intensities. It is of interest that the illumination near the centre of the disk appears most uniform, not when the knife-edge is at paraxial focus, as ray theory would predict, but when it is about midway between paraxial and mean focus. . 10-034 -0 -7 9 0 -1 -9 7 9 0-3 10-253 -1 -1 8 4 -2 -7 3 2 0-4 10-587 -1 -5 7 9 -3-200 0*5 11-077 -1 -9 7 4 -3-290 0-6 11-791 -2 -3 6 9 -2-906 0-7 12-878 -2 -7 6 3 -1 -9 5 3 0-8 14-697 -3 -1 5 8 -0 -3 3 7 0-9 18-539 -3 -5 5 3 + 2-037
In the estimate made above of the sensitivity of the Foucault test as a means of detecting primary spherical aberration, it was taken for granted that the knife-edge could be accurately located at mean focus. In practice this is not the case; the 'focal setting ' of the knife-edge is tacitly defined as that which makes the disk intensities satisfy some condition of left-to-right symmetry. When the mirror errors are of the order of a fringe or more, or when fairly rapid zonal error is present, a convenient condition is that the right and left halves of the disk shall become completely dark simultaneously. This is analogous to defining the position of best focus by means of the circle of least confusion. When, however, the errors are slow and very small, the dominance of the bright rim defeats this method, and it is more practicable to use a different condition, namely, that when the knife-edge bisects the image the total illumination in the two halves of the disk shall be judged equal.
To estimate the sensitivity of the test in a way which shall have a practical meaning, one must therefore consider a whole range of settings near mean focus. This can be done, in the two cases already discussed, by means of figures 12 and 13, provided we are content to consider only intensities along the main diameter. From the practical point of view this is not a very serious restriction. Figures 12 and 13 show that the selected setting will in both cases lie between those corresponding to curve C and to curve E, i.e. a little inside mean focus. Applying the above sensitivity criteria to the intensities along the horizontal diameter (which are taken to represent those over the whole disk sufficiently well for this purpose), we conclude that an error of fringe of primary spherical aberration can still be detected with ease, and one of ^ fringe with certainty, in the case where the focal setting has to be chosen empirically.
